Abstract: In this study, for solving linear differential equation system characterizing curve pair of constant breadth according to Bishop frame in Euclidean 3-space, a new collocation method based on Lucas polynomials is introduced and hence the curve pair of constant breadth is determined. Furthermore, an error analysis based on residual error function is given for the method. To demonstrate the accuracy and effciency of the method, an example is given with the help of computer programmes Maple and Matlab.
Introduction
The curves of constant breadth were introduced by Euler in 1778 [1] . He investigated these curves in the plane. After him, many mathematicians were interested in these curves [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Magden and Köse studied the curves of constant breadth in E 4 -space in [12] . Then, the concepts related to constant breadth space curve were extended to E n -space in [13] . Sezer established the differential equations characterizing curves of constant breadth and gave a criterion for these curves in [14] . Furthermore,Önder et al gave the differential equations characterizing the constant breadth timelike and spacelike curves in Minkowski 3-space E 3 1 in [15] . Also Kocayigit andÖnder showed that in E 3 1 spacelike and timelike curves of constant breadth are related to normal curves, spherical curves and helices in some special cases [16] . In [17] , Kocayigit and Ç etin investigated the constant breadth space curves according to Bishop frame in Euclidean 3-space.
Then, Ç etin et al used a collocation method based on Taylor polynomials for the approximate solutions of the linear differential equation system characterizing constant breadth curves in Euclidean 3-space E 3 . So, curve pair of constant breadth is determined [18] .
In [19] , the collocation method based on Taylor polynomials was given by Sezer et al in order to find the approximate solutions of high-order systems of linear differential equations with variable coeffcients. In addition, Ç etin et al presented an approximation method based on Lucas polynomials for the solution of the system of high-order linear differential equations with variable coeffcients under the mixed conditions [20] .
In this study, we obtain the approximate solutions of the differential equation systems characterizing curve pair of c ⃝ 2016 BISKA Bilisim Technology constant breadth according to Bishop frame in Euclidean 3-space by using Lucas collocation method. Then, an example is given to demonstrate the effciency of the method.
Preliminaries
Firstly, we give some basic concepts on classical differential geometry of space curves. Let α(s) be an unit speed space curve and let
} be Frenet frame of this curve. The elements of the frame − → T , − → N and − → B are called the unit tangent vector, the unit principal normal vector and the unit binormal vector of the curve, respectively. Moreover, κ(s) and τ(s) are called curvature and torsion of the curve α, respectively. The Frenet formulae are also well known as
The parallel transport frame is an alternative approach to defining a moving frame that is well-defined even when the curve has vanishing second derivative. We can parallel transport an orthonormal frame along a curve simply by paralel transporting each component of the frame [21] .
Its mathematical properties derive from the observation that, while − → T (s) for a given curve model is unique, we may choose any convenient arbitrary basis
) for the remainder of the frame, so long as it is in the normal plane perpendicular to − → T (s) at each point. If the derivatives of
and not each other, we can make − → N 1 (s) and − → N 2 (s) vary smoothly throughout the path regardless of the curvature. We may therefore choose the alternative frame equations
where
One can show that [22] κ(s) =
and
so that k 1 and k 2 effectively correspond to a Cartesian coordinate system for the polar coordinates κ, θ with θ = ∫ τ(s)ds. A fundamental ambiguity in the parallel transport frame compared to the Frenet frame thus arise from the arbitrary choice of an integration constant for θ 0 , which disappears τ from due to the differentiation [23] .
It is well-known that the curvature κ(s) of the curve (C) is defined by
where φ is the angle between the tangent − → T of the curve α and a given fixed direction at the point α(s).
Lucas Collocation Method for Linear Differential Equation System with Variable Coefficients in Normal Form
Ç etin et al presented a collocation method based on Lucas polynomials to find the approximate solutions of high-order linear differential equation systems with variable coefficients in [20] . In this section, by means of the matrix relations between Lucas polynomials and their derivatives, we give a new method for solving the linear differential equation system in normal form as
under the initial conditions 
is the Lucas polynomial solutions and
is the estimated error function obtained with the help of the residual error function. Here a i,n and a * i,n are the unknown Lucas coefficients and L n (x) (n = 0, 1, 2, ..., N) are the Lucas polynomials defined by [28, 29] ,
In order to find the solutions of the system (2) under the initial conditions (3), we can use the collocation points defined by
On the other hand, we can write the approximate solutions y i,N (x) given by Eq.(4) in the matrix form
Here, the Lucas polynomials L n (x) can be written in the matrix form as
such that
and if N is odd, 
From Eq. (6) and Eq. (7), we obtain the matrix relation
Therefore, the matrices y i,N (x), (i = 1, 2, ..., m) can be expressed as
Also, the relation between the matrix X(x) and its derivative X ′ (x) is
By using the relations (8) and (10), we obtain the following matrix relation
Hence, we can write the matrix relations as follow
Method for solution
We can write the system (2) in the matrix form
By using the collocation points given by (5) into Eq. (13), we obtain the system of matrix equations
Briefly, the fundamental matrix equation is
From the relations (9) and (12) and the collocation points given by (5), we obtain
By substituting the relations given by (15) into Eq. (14), we gain the fundamental matrix equation as
In Eq. (16) The fundamental matrix equation (16) corresponding to Eq.(2) can be written in the form 
By using the conditions given by (5) and the relations (9), the matrix form for the conditions is obtained as
Hence, the fundamental matrix form for conditions is
Consequently, we obtain the Lucas polynomial solution of the system (2) under the initial conditions (3) by replacing the row matrices (19) by last rows of the matrix (17) . Then, we obtain the new augmented matrix
If rank W = rank
By solving this linear system, the unknown Lucas coefficients matrix A is determined and
are substituted in Eq.(4). Thus, we find the Lucas polynomial solutions
Residual correction and error estimation
In this section, we give an error estimation for the Lucas polynomial solutions (4) with the residual error function [24] [25] [26] [27] .
In addition, we develop the Lucas polynomial solutions (4) by means of the residual error function. Firstly, we can define the residual error function for the Lucas collocation method as
Here, y i,N (x) represent the Lucas polynomial solutions given by (4) of the problem (2) and (3). Hence, y j,N (x) satisfies the
Also, the error function e i,N (x) can be defined as
where y i (x) are the exact solutions of the problem (2) and (3). From Eqs. (2), (3), (22) and (23), we obtain a system of error differential equations
with the homogeneous initial conditions
or openly, the error problem can be expressed as
Here, the nonhomegeneous initial conditions The error problem (24) can be solved by using the prosedure given in Section 3-4. Thus, we obtain the approximation
to 
Illustration
In this section, we give an example. In tables and figures, we calculate the values of the Lucas polynomial solutions [11] .
Let (C) and (C * ) be a pair of unit-speed curves in Euclidean 3-space with non-zero Bishop curvatures and let those curves have paralel tangents in opposite directions at the corresponding points α(s) and α * (s * ), repectively. Hence, the position vector of the curve (C * ) at the point α * (s * ) can be written as [17] .
where k 1 and k 2 are Bishop curvatures defined by
The position vector of the curve (C * ) at the point α * (s * ) in terms of α ′ , α ′′ , α ′′′ and k 1 , k 2 by means of the Bishop formulae as follows [18] .
Example 1. Let us consider the curve
) .
For the curve α curvature, torsion and Bishop elements are calculated as
Substituting (27) in (26), we obtain
We can find the approximate solutions of the problem (28) by using Lucas collocation method above mentioned. We suppose that the initial conditions for λ 1 (s), λ 2 (s) and λ 3 (s) as follows
The approximate solutions λ 1,3 (s), λ 2,3 (s) and λ 3,3 (s) by the truncated Lucas series for N = 3 are given by
The set of the collocation points for a = 0, b = 2π and N = 3 is calculated as
We can write the fundamental matrix equation of the problem (28) from Eq. (16) as
By using the method in Section 3-4, the approximate solutions of the problem (28) In order to calculate the corrected Lucas polynomial solutions, let us consider the error problem
such that e 1,3 (0) = 0, e 2,3 (0) = 0, e 3,3 (0) = 0 and the residual functions are
By solving the error problem (29) Hence, we can calculate the corrected Lucas polynomial solutions for M = 4 as
Similarly, we can calculate corrected Lucas polynomial solutions of the problem for different values of M as follows.
For M = 6, the approximate solutions are
For M = 8, the approximate solutions are It is seen from Table 4 and Figure 1 that accuracy of the solution of system (28) It is seen from Table 5 -6-7 that the results are almost identical and close to zero. In addition, we say that the Lucas collocation method is very effective for solving differential equations with variable coefficients. Because, It is very difficult to find the analytical solutions of these differential equations systems.
Conclusions
In this study, we have developed a new collocation method based on Lucas polynomials for solving linear differential equation system in normal form with the help of the residual error function. Then, we have given approximate solutions of system of differential equations characterizing curve pair of constant breadth by using Lucas collocation method. We have given an example to demonstrate efficiency and applicability of the present method.
In Figure 1 , we have obtained the graphics of the distance function. Also, we have studied the residual error analysis. It is seen from these comparisons that the approximate solutions are very close to absolute solutions when the values of N and M are selected big. In addition, Lucas collacation method used for approximate solutions is very effective.
